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K-N Interaction in the 7=0 State at Low Energies*! 
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The study of the 7 = 0 K-N interaction at low energies using iT^-deuterium scattering has been extended 
on the experimental side by the inclusion of elastic and inelastic noncharge-exchange scattering, and on the 
theoretical side by a more detailed investigation of the final-state interaction between the two nucleons. 
The new results for the 7 = 0 phase shifts exhibit the same trends as those published before; however, the 
new s-wave data are more accurate. It is shown that at very low energies, the 7 = 0 s-wave scattering may be 
interpreted as due to a very small scattering length ^4Q= +0.04=b0.04 F. This should be contrasted with the 
1=1 scattering length ^ ^ - 0 . 3 1 ^ : 0 , 0 1 F, 

I. INTRODUCTION 

THE present report describes the last of a series of 
studies of the K-N interaction at low energies 

based on data secured in an exposure of the Lawrence 
Radiation Laboratory (LRL) 15-in. bubble chamber, 
rilled alternately with hydrogen and deuterium, to 
separated beams of positive kaons with momenta 
ranging from 810 MeV/c down to zero. 

The results of the completed study of iT+-proton 
scattering have already been reported.1 This study 
showed that the preliminary evidence derived from 
i£+-proton scattering in nuclear emulsion2 and from 
early scintillation counter studies3 was indeed correct. 
For incident momenta below 640 MeV/c, the K-N 
interaction in the / = 1 state is due essentially to pure 
s-wave scattering. Moreover, the low-momentum data1 

showed clearly that the interference between the 
Coulomb and the nuclear interaction was constructive. 
This, too, confirmed the early emulsion studies4"6 

which demonstrated that the mean nuclear potential 
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seen by K+ mesons in interactions with complex nuclei 
was repulsive. 

It was shown in Ref. 1 that up to 640 MeV/c, the 
1=1 s-wave phase shift,7 5i0

1/2, may be thought of as 
arising from a repulsive core with a radius of 0.31dz0.01 
F. Alternatively, using the finite-range approximation, 
such that &cotSio1/2= (l/Ai)+(r0/2)k2, the data up to 
810 MeV/c are well represented by Ax= -0.29±0.015 
F, r0=0.5±0.15 F. 

At 810 MeV/c, the differential i£+-proton scattering 
cross section appears to show the first statistically 
significant departure from isotropy.8 As may be seen 
by comparing these data with those at9 910 MeV/c 
and at10 970 MeV/c, this anisotropy increases rapidly 
with momentum and appears to be accompanied by a 
rapid rise of the pion-production cross section.10 At 
1970 MeV/c, the angular distribution already shows a 
pronounced diffraction peak.10 

The K-N interaction in the 1=0 state is known with 
much less certainty. In part, this is due to the fact that, 
to date, the 7=0 K-N system has been investigated by 
studying the interactions of K+ mesons with neutrons 
bound in nuclei. The specific i£+-neutron interaction 
must then be isolated from effects due to neutron 
binding. However, apart from this "experimental" 
difficulty, it also appears that the description of the 
low-energy K-N interaction in the 1=0 state demands 
more parameters than the 1=1 state. Even the earliest 
studies of inelastic scattering and charge exchange in 
emulsion11,12 at ^300 MeV/c suggested the need for 

7 The notation 8i,iJ, with I, the isotopic spin /, the orbital 
angular momentum, and / , the total angular momentum, is 
employed. 

8 T . F. Stubbs, H. Bradner, W. Chinowsky, G. Goldhaber, 
S. Goldhaber et al., Phys. Rev. Letters 7, 188 (1961). 
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and T. F. Zipf, Phys. Rev. 129, 2743 (1963). 
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positive p-w&ve phase shifts of ^ 1 5 ° in the 1=0 state. 
When the incident momentum was increased from 300 
to ^ 5 0 0 MeV/c the mean nuclear potential decreased13 

from 21 to 13 MeV and the percentage of charge ex­
change events4'13 among all inelastic interactions in­
creased from 17% to 45%. This, too, could be under­
stood in terms of rising ^-wave phase shifts. 

One study of the K-N 1=0 interaction based on the 
data of this experiment has already been reported.14 In 
the bubble chamber charge-exchange events 

K++d->K°+p+p,- (A) 

with subsequent Ki° decay into charged pions are 
easily detected and unambiguously identified. Ac­
cordingly, this study was based on the charge-exchange 
events observed when the deuterium-filled 15-in. bubble 
chamber was exposed to K+ mesons with momenta of 
812d=6, 642±7, 530±15, 377d=18, 330±23, and 
230±40 MeV/c. The 1=0 phase shifts were extracted 
from the i^+-deuterium interactions by invoking the 
impulse approximation.15 To avoid the need to consider 
the interaction of the two protons in the final state, the 
closure approximation16 was used as well. With these 
approximations, the charge-exchange data could not 
be fitted without invoking the presence of p waves and 
possibly also d waves in the 1=0 state.14 The behavior 
of the 1=0 s-wave phase shift 5oo1/2 n e a r z e r o energy 
remained undetermined in the analysis. 

In two theoretical papers attempts were made to 
fit the charge exchange data of Ref. 14 including the 
effect of the final-state interaction between the two 
protons. According to Ferreira17 the data could be 
fitted by s-wave parameters alone once the Coulomb 
interaction between the protons was included. Levy-
Leblond and Gourdin18 required p and d waves in 1=0 
even when final-state interactions were included. Both 
papers disagreed with the conclusions of Ref. 14 and 
of the present report. 

The investigation of the K-N 1=0 interaction has 
been continued in order to explore how the earlier 
results14 might be improved. Section I I describes the 
experimental procedure employed in the study of 
elastic scattering, 

K++d->K++d, (B) 

13 D. Evans, F. Hassan, K. K. Nagpaul, M. Shan, E. Helmy, 
J. H. Mulvey, D. J. Prowse, and D. H. Stork. Nuovo Cimento 
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14 W. E. Slater, D. H. Stork, H. K. Ticho, W. Lee, W. 
Chinowsky et al., Phys. Rev. Letters 7, 378 (1961). For details, 
see W. Lee, thesis, 1961 (unpublished); Lawrence Radiation 
Laboratory Report UCRL-9691 (unpublished). 

15 G. Chew, Phys. Rev. 80, 196 (1950); S. Fernbach, T. Green, 
and K. Watson, ibid. 84, 1084 (1951); R. Rockmore, ibid. 105, 
256 (1957). 

16 E. Ferreira, Phys. Rev. 115, 1727 (1959). 
17 E. Ferreira, thesis, University of London, 1961 (unpublished); 

Notas de Fisica 8, 4 (1961). 
18 J. M. LeVy-Leblond and M. Gourdin, Nuovo Cimento 23, 

1163 (1962). 

and inelastic scattering19 

K++d->K++n+p. (C) 

The interaction of the two nucleons in the final state 
is considered in Sec. I I I . In Sec. IV, the new elastic 
and inelastic scattering data are combined with the 
charge-exchange data of Ref. 14 and a new set of 1=0 
phase shifts is calculated. This calculation employs the 
new T— 1 s-wave phase shift of Ref. 1 and does not 
use the closure approximation. The new T=0 phase 
shifts indicate less s-wave and more ^-wave scattering 
than the earlier results.14 The s-wave scattering in 1=0 
becomes very small as the incident momentum ap­
proaches zero but does not change sign. The new 
results and those of Ref. 14 show small systematic 
differences; the old and the new phase shifts agree 
within errors, however. 

II. EXPERIMENTAL CONSIDERATIONS 

The K+ beam design20 and many details of the 
experimental procedure have already been discussed.1,14 

This section deals only with those aspects which bear 
specifically on the measurement of the elastic and 
inelastic cross sections.21 These cross sections were 
investigated at 230±40, 377±18, and 530=bl5 MeV/c; 
at the higher momenta the experimental difficulties in 
identifying the outgoing particles became insur­
mountable. All the film used in the experiment was 
scanned at least twice and the over-all scanning 
efficiencies were > 99%. 

In general, elastic and inelastic scatters, reactions 
(B) and (C), appear in the bubble chamber as two-
prong events or as one-prong events if the deuteron or 
proton is not energetic enough. Both one- and two-
prong events have a small background due to charge 
exchange events in which the K° does not decay into a 
charged pion pair in the chamber. The one-prong 
events also have a large background due to iT-meson 
decays. In addition, there are background interactions 
produced by incident pions from K+ decay ahead of 
the chamber and by incident protons. The latter result 
from K+ interactions in the tungsten absorbers placed 
into the beam in front of the chamber to reduce the 
beam momentum from the design value of 642 MeV/c 
to the value desired in the run. After these background 
events are suppressed, there still remains the problem 
of separating the elastic events from the inelastic ones. 

The aims and procedures of the 230 MeV/c study and 
of those at the two higher momenta differed in some 
respects and will be discussed separately. 

19 While both (A) and (C) represent inelastic processes, of 
course, (A) will be referred to as charge exchange and (C) as 
inelastic scattering. 

20 G. Goldhaber, S. Goldhaber, T. Kadyk, T. Stubbs, D. H. 
Stork, and H. K. Ticho, University of California, LRL Internal 
Report, Bev483, 1960 (unpublished). 

21 For details, see V. J. Stenger, thesis, UCLA, 1963 (unpub­
lished), 
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A. The 230 MeV/c Data 

At 230 MeV/c, the elimination of the backgrounds 
was relatively easy. First of all, in ^ 7 0 % of the inter­
actions the scattered kaon stopped and decayed within 
the chamber. Charge-exchange events were rare and 
both protons almost always stopped in the chamber. 
Most K+ decays were eliminated on inspection because 
of the great change of bubble density between the K+ 

and the decay particle. The great majority of incident 
protons were rejected by the angular beam entrance 
criteria. The fiducial volume was chosen small enough 
such that, even if they did not stop in the chamber, 
the scattered kaons could be separated by curvature 
and ionization from scattered protons and from slow 
decay pions and muons. To avoid scanning losses, only 
events with scattering angle #iab satisfying —1.0 
^cos^iab^+0.95 were recorded. Subject to these 
criteria, 546 elastic and inelastic scattering events were 
found. In the same film, 211 r decays were found using 
the same criteria of entrance and fiducial volume. The 
momentum distribution of these r decays obtained by 
kinematic fitting of the decay vertices is shown in Fig. 
1. The wide momentum spread is a consequence of both 
straggling in the tungsten absorber and momentum 
loss in the chamber itself. The mean momentum was 
actually 206 MeV/c. In translating the r count into 
kaon track length, a branching fraction of 5.7% was 
used.22 

Although essentially all deuterons from elastic 
scatters and all protons from the inelastic events 
stopped in the chamber, it was in most cases impossible 
to distinguish these two processes. Except for the rare 
cases when the recoil particles could be identified as 
deuterons from range and curvature, all elastic events 
also fitted the inelastic process. The following method 
was used to determine the number of elastic events 
statistically. For each event with a recoil track longer 
than /o, two parameters, COSY a n d A, were computed; 
COSY is the deviation from coplanarity and A the frac­
tional deviation from transverse momentum balance. 
Here 

d k x k 0 |k xk 0 | — | d x k 0 | 
COSY = • and A = ; (1) 

|d| |k xk01 |k xk01 +1d xk01 

k0 and k are the initial and final momentum vectors of 
the kaon, respectively, and d is the momentum of the 
recoil particle computed from its range assuming that 
it was a deuteron. Figure 2 shows the scatter plot for 
events with l0=0.5 cm. Elastic events are expected to 
lie within experimental errors of the origin. Inelastic 
events in which the kaon collides with the proton while 
the neutron acts as spectator should show a distribution 
in COSY which peaks at zero and a A distribution which 
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FIG. 1. Momentum spectrum of fitted r decays in the film 
with 230-MeV/s nominal beam momentum. 

peaks at —0.23. This is due to the fact that, when the 
proton is assumed to be a deuteron, its momentum 
from range is overestimated by a factor of ~ 1 . 6 . 
Finally, for scatters on neutrons the COSY distribution 
of the spectator protons should be flat. Figure 2 may 
be interpreted as a superposition of these three 
processes. 

Events were called elastic if they fell within | COSY I 
^0 .1 and | A | ^ 0 . 1 0 for stopping K+, | A | ^ 0 . 1 5 for 
K+ which left the chamber. The background was esti­
mated by interpolation using the number of events just 
outside the "elastic" region. Table I gives the number 
of elastic events for various values of U. 

B. The 377 and 530 MeV/c Data 

At 230 MeV/c, the fraction of identifiable elastic 
scatters among all noncharge-exchange events was 
^ 2 0 % . At the higher momenta, the number of elastic 
scatters was expected to be small. Hence, no separation 
was attempted between the examples of reactions (B) 
and (C). 

At these momenta, kinematic fitting alone turned 
out to be of little use in separating the interactions 
from the backgrounds. This is illustrated in Fig. 3(a), 

TABLE I. Number of events with —1.0 ^ cos0iab ̂  0.95 classified 
as "elastic" for various lengths l^k of the recoil particle. 
iVrtotai=546. 

h (Cm) N.l(l>h) Nintl+NeliKh) 

0.50 110 436 

22 B. P. Roe, D. Sinclair, J. L. Brown, D. A. Glaser, J. A. Kadyk, 
and G. H. Trilling, Phys. Rev. Letters 7, 346 (1961). 
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which is applicable to the one-prong events initiated 
by 377-MeV/c kaons. Figure 3(a) shows, first of all, 
the momenta of 7r's and jit's from Kv2 and K^ decays, 
respectively, plotted versus laboratory angle of emis­
sion. Also shown are the bands of momenta for the 
scattered K+ due to reaction (C) and for the recoil 
proton in reaction (A) (labeled PR). The widths of the 
bands were established by the consideration that, in 
order for an event to appear one-pronged, the spectator 
proton must have a range too short to be visible and 
therefore a momentum <100 M.eV/c. The impulse 
approximation then implies that the neutron which 
participated in the interaction also has a momentum 
of < 100 MeV/c. The boundaries of the bands are the 
extremes for collisions on 100-MeV/c; neutrons moving 
in arbitrary directions. 

The essential point illustrated by Fig. 3(a) is that 
in the laboratory, beyond ^-30°, decay, inelastic scat­
tering, and charge exchange cannot be separated with­
out ionization measurements. The same applies to the 
separation of two-prong events into scattering and 
charge exchange. The expected track opacity for the 
various processes is shown in Fig. 3(b). The / scale used 
as ordinate is related to the ionization as described in 
the next paragraph. 

A quantity / monotonically related to the ionization 
along the track was determined by projecting onto the 
image of the track a bright image of a slit whose width, 
position, curvature, and finally brightness were ad­

justed until the track just disappeared into the back­
ground. The iris opening of the lens used to project the 
slit served as ionization indicator. Because of variations 
in the chamber operating conditions, film development, 
etc., the quantity actually used was the ratio of lens 
openings for the secondary and the primary tracks. 
Corrections were applied to take into account the dip 
of the track and the variation of saturation with dip. 
However, to keep these corrections small, only those 
events were used where the angle <j> between the camera 
image plane and the plane formed by the incident and 
the outgoing track was <60°. Figure 4 shows a cali­
bration curve of the densitometer which was obtained 
using (mainly) tracks from fitted charge-exchange 
events with visible K° decay. The mean fractional 
spread in the determination of / is 9%. 

At 377 and 530 MeV/c, the ionizations of the incident 
kaons are 2.5 and 1.7 times minimum, respectively. 
Thus it was possible to eliminate by inspection the 
great bulk of forward one-prong decays which produce 
minimum ionizing secondaries. At 640 MeV/c, this 
procedure was no longer possible as both secondary 
kaons and decay particles ionized near minimum. 

Table I I shows the numbers of events of types (B) 
and (C) combined found at the two momenta. 

To avoid scanning biases, only events with scattering 
angles 0iab>5° were recorded. The angular distributions 
are shown in Figs. 10(a) and 11(a). Of the 365 events 
on which ionization measurements had to be carried 
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TABLE II. Elastic plus inelastic interactions found at 377 and 530 MeV/c. 0ub>5°. 
The numbers in parentheses are one-prong events. 

Momentum 
(MeV/c) 

Events 
examined Kinematics 

Resolved by 
K Decay Ionization Ambiguous Total 

377±18 

530±15 

3353 

2149 

13 
(11) 

6 
(2) 

30 
(8) 
16 
(4) 

89 
(6) 

107 
(23) 

4 
(0) 

4 
(1) 

136±12 

133±12 

out, 166 were backgrounds, 191 were K+ scatters, and 
8 remained ambiguous. 

The kaon track lengths were determined by a count 
of beam tracks satisfying the angular and ionization 
criteria in every twentieth frame. The track lengths at 
377 and 530 MeV/c were (2.75±0.14)X105 and 
(2.81±0.13)X105 cm, respectively. The corresponding 
cross sections for elastic plus inelastic interactions (but 
excluding charge exchange) with #iab>5° are 19.7±1.9 
mb at 377 MeV/c and 18.9dbl.8 mb at 530 MeV/c. 

The method developed for the separation of the 
events also leads to the identification of charge-exchange 
events with invisible K° decay; 19 such events were 
found at 377 MeV/c and 34 at 530 MeV/c. These yield 
charge-exchange cross sections of 4.2±1.2 mb and 
7.2±1.5 mb, respectively. These cross sections are in 
good agreement with 3.1 ± 0 . 4 and 6.5±0.6 mb, re­
spectively, observed14 at these two momenta using 
charge-exchange events with visible K° decay. 

III. THEORY OF i^-DEUTERIUM SCATTERING 

Below the threshold for pion production, the three 
processes whereby K+ mesons interact with nucleons 
and the corresponding scattering amplitudes are 

K++p^K++Pi ( / 1 + / c ) , (D) 

K++n-*K++n, i ( / i + / o ) , (E) 

K++n-*K°+p, i ( / i " / o ) . (F) 

Since the processes represent scattering of a spin-zero 
particle by one of spin J, the scattering amplitude fi 
is given by 

fi=ai+<r-Abi, (2) 

where n is the normal to the scattering plane and ai 
and bi are the nonspin-flip and spin-flip amplitudes, 
respectively. These may be expanded 

oi= E { (l+l)viiM+Ivn^}PP(co80*), (3a) 

k* and 6* are the c m . momentum and scattering angle, 
respectively. 

with 

h= ~i £ {vnm-Vnl-*}PHcosd*), (3b) 

rinJ= (k*)-1 exp(i8u
J) s in (5 z / ) . (4) 

/ C = ^ c = - • exp{- i a ln [ s in 2 ( ^ /2 ) ]} (5) 
2**sin2(0*/2) 

is the Coulomb amplitude, a= 1/(137?;*). 

160 180° 

0 L A B - * * 

FIG. 3. Kinematics of the deflected particle in one-prong events 
at 377 MeV/c: (a) momentum versus deflection angle for KT2 
and K^ decays, K+ scattering and proton recoil from charge 
exchange, (b) track opacity versus deflection angle for the same 
processes. 
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Now, using the impulse approximation,15"18'21'23«24 

it is possible to express the cross sections for reactions 
(A), (B), and (C) in terms of the iT-nucleon parameters 
ai and bi in a relatively simple way. Setting 

ap=ai+ac, a»=J(0i+0o), ae=%(ai—ao), (6a) 

* P = S I , *»=J(»i+»o), be=Uh-h), (6b) 

it is possible to show that 

d<T^/d^^{\ae\
2+l\be\

2)Ippt+\{\be\^Ivps, (7) 

J(7 I N /^*={|^ |2+kn|2+fC|^ |2+|^ |2]}/n^ 

+2 Re{an*ap+$bn*bp}Jnvt 
-2Re{i6»*MJr»,., (8) 

da^/d2*={\ap+an\
2+$\bp+bn\*}D. (9) 

The factors of \ arise from spin averages. The func­
tions 7, / , and D are deuteron form factors; e.g., Inpt 

23 M. Gourdin and A. Martin, Nuovo Cimento 11, 670 (1959). 
24 M. Gourdin and A. Martin, Nuovo Cimento 14, 722 (1959). 

means that the interaction leaves the nucleons in a 
proton-neutron charge state and the triplet spin state. 
The form factors are given by 

«(*') dE/ r &dk dP 
/ ( J M * 0 = — - / -—P 2—F(Q,P), (10a) 

k'2 dkf J a>(k) dEf 

/(JM*') = 

k'2 dk 

«(*') dE/ 

k'2 dk 
L [l 
' J co 

k2dk dP 
P2—G(Q,P)Am 

(k) dEf 

where P is the relative momentum of the two nucleons 
in the final state and Q=^(k0—k). The vectors k0 and 
k are, respectively, the initial and final kaon momenta 
in the laboratory, co(k)= (k2+mK

2)lf2, and Ef is the 
total energy in the final state in the laboratory. The 
primed quantities are those which would be inferred 
from the laboratory scattering angle under the assump­
tion that the scattering took place on a stationary 
nucleon.21 The quantity ahead of the integral contains 
the essential factors for a transformation from the 
laboratory scattering angle 0 to a fictitious cm. co-
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TABLE III . The mean ratio (e) between the K-N momenta 
after the collision and before. 

p(MeV/c) (e) 

377 
530 
642 

0.93 
0.95 
0.96 

ordinate system in which the target nucleon is at rest. 
The functions F and G will be defined below. 

Expressions (7) and (8) involve the true cm. scat­
tering angle 0* (nucleon in motion) in ai and bi and the 
fictitious 0*' (nucleon assumed at rest) in / and / . 
Figure 5 shows a scatter plot of cos0* versus cos0*' 
using charge events in which the K° decayed visibly14; 

-i.ofc. 

5 3 0 MeV/c 
K + +d — K°+ p + p 

V 

-T?ft-
/ o 

.2/* 

\/ 

A - .2 0 .2 .4 

cos e*' 

FIG. 5. Scatter plot of cos0*', the cm. scattering angle inferred 
from the laboratory scattering angle under the assumption that 
the target nucleon was at rest versus cos0*, the actual cm. 
scattering angle obtained assuming that the momentum of the 
target nucleon was opposite to that of the spectator. 

cos0* was obtained by assuming that in each event the 
slower proton was the spectator and that the neutron 
on which the charge exchange took place had a mo­
mentum equal and opposite to that of the spectator 
proton. The rms difference between cos0* and cos0*' 
is 0.11. However, the deviations do not appear to 
exhibit a systematic trend, and therefore the effect of 
using cos0* or cos0*' on the differential cross sections is 
likely to be negligible. Accordingly, in what is to follow, 
no distinction will be made between 0* and 0*'. 

Since the deuteron binding energy and the energy of 
the spectator proton must be supplied by the incident 
kaon, the scattering amplitudes as determined by the 
impulse approximation are not on the energy shell. 
Again using the charge exchanges with visible K° 
decay14 and defining the lower momentum proton to 

if *h 

FIG. 6. The form factors h{fo> cos0*) and Jo(h} cos0*) for 
£o = 350, 530, 642, and 812 MeV/c. 

be the spectator, one can estimate the ratio e between 
the K-N cm. momenta after and before the collision. 
Table III gives (e) for three incident K+ momenta. 

T" 1 r 1 T 

FIG. 7. The form factor D(k0, cos0*) for &0=135, 200, 350, 530, 
642, and 812 MeV/c. 0* is not the K-d cm. scattering angle but 
the cm. angle which would have been computed from the labo­
ratory scattering angle if the scattering had taken place on a free 
single nucleon. 
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FIG. 8. Effect of nuclear phase shifts on the triplet form factors. 
The "exponential cutoff model" was used in the calculation. 

The functions F and G in (10) are denned by 

F(Q,P)= [<tov\ [<&***(?) exp(«Q-r)*i>(r) , (11) 

G(Q,P)= fdQF | M P * ( r ) exp(*Q.r)* f l(r) 

X / dV* P ( r ' ) e x p ( - i Q - r ' ) ^ ( r ' ) . (12) 

tyD is the deuteron wave function and ^ p is the wave 
function of the two outgoing nucleons with relative 
momentum P. For elastic scattering 

1 dE/ dk 
Z?(M*) = & \H2(Q)\\ (13) 

k'2 dk' dEf 

H%(Q)= /"<fV|*i)(r)|2exp(;Q.r). (14) 

In the following calculation, the Hulthen function 

* i>( r )=(2V/ r ) (<r~-«-" ) ; 

^2=[a/3(a+/3)/27r(/3-a)2] , 
(15) 

with a = 45.7 MeV, fi=la was used. If the final-state 
wave function is taken to be a plane wave, then integrals 
(11) and (12) can be solved analytically.23'24 The ex­
pressions are given in the Appendix. In the plane-wave 
approximation, the six form factors reduce as follows: 

J npt > 1 0 j J-np Jnj pt ~ 

Ippt > IQ~ 

J 0 j -J np 

-> IQ+JQ 

•Jo 
(16) 

The integrations (10) required to determine I0 and 
Jo have been computed on an IBM-7090 computer. 
They are shown in Fig. 6. Figure 7 shows the behavior 
of the elastic form factor25 D(k0,6*). 

One of the motivations of this study was to determine 
whether the anisotropic charge exchange angular dis­
tribution on deuterium given in Ref. 14 and shown 
again in Figs. 10, 11, and 12 could be due to final-state 
interactions of the two protons while the elementary 
K-N 1=0 and 7 = 1 interactions both involved only 
s waves. For s-wave interaction only bp=bn=be=0 
and only the first term in Eq. (7) is retained. Two 
protons in a triplet state must be in a state of odd-
orbital angular momentum L. 

The effect of the Coulomb interaction in the L= 1 
channel was calculated by inserting Coulomb wave 
functions into (10) and (11). The Coulomb wave 
function differs appreciably from the plane wave only 
at relative momenta P < 1 0 MeV/c. Because of the 
size of the deuteron, these momenta contribute neg­
ligibly to the integrals. Hence, the Coulomb interaction 
appears to be negligible in the L = l channel and, 
a fortiori, for L>\. 

In contrast to the Coulomb effect, the proton-proton 
nuclear phase shifts are large at the momenta which 
contribute strongly to the integrals (10). However, 
the wave function is poorly known within the inter­
action region. One can avoid this region by the use of 
the "boundary condition model"26 where the two-
nucleon radial wave function is written 

WL
J(Pr) = jL(Pr) co$5L

J-nL(Pr) sinSz/, r>rc 

= 0, r<rc. 
(17) 

3 5 0 MeV/c 
SINGLET 

FIG. 9. Effect of nuclear phase shifts on the singlet form factors. 
The "momentum-dependent cutoff model" was used in the 
calculation. 

25 See the caption on Fig. 7 for definition of 6* in this case. 
26 D. P. Saylor, R. A. Bryan, and R. E. Marshak, Phys. Rev. 

Letters 5, 266 (1960). 
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The IpPt form factor calculated using (17) and the f 
published proton-proton phase shifts27 was found to d<rNci 
depend strongly21 on rc. This sensitivity disappeared ""̂ H 
when an exponential cutoff24 was used, such that , 

WL
J(Pr) = jL(Pr) cosdL

J~nL(Pr) 
X$mdL

J(l-e~^c)L+i. (18) 

Ippt and Inpt, calculated using (18) with k0=350 
MeV/c are shown in Fig. 8. The deviations from the 
plane-wave form factors are small. 

The singlet form factors obtained using a momentum-
dependent cutoff factor rc = rc'P are shown in Fig. 9. 
The marked effect of the nuclear interaction at forward 
scattering angles is due primarily to the strong singlet 
L=0 interaction. However, as may be seen from Eqs. 

mb 
ster 
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S P - WAVES 
SPD-WAVES 

E 

0.5 
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1 1 I 1 
3 3 0 , 3 7 7 MeV/c 

K + + d ^ K ° + p + p 

| 1 

—^=Er=i"—T2*^^ 
, 1̂1 —--Cr^ 

i i i i > 
0.0 

cose 
FIG. 10. (a) The noncharge-exchange angular distribution at 

377 MeV/c. (b) The charge-exchange (Ref. 14) data at 330 and 
377 MeV/c combined. The smooth curves are fits as given in 
Tables IV and V. 

(7) and (8), the singlet form factors multiply the spin-
flip terms and these vanish for cos0*=l. Hence the 
effect of the nuclear interactions is small in the singlet 
state as well. 

Since the cutoff procedures described above are 
admittedly somewhat arbitrary, the triplet p-p wave 
function inside the range of nuclear forces was also 
calculated according to the Bryan-Dismukes-Ramsay 
model.28 The deviation from the plane-wave result of 

27 M. H. MacGregor, M. J. Moravcsik, and H. P. Stapp, 
Lawrence Radiation Laboratory Report UCRL 6082 (unpub­
lished). M. H. Hull, K. E. Lassila, H. M. Ruppel, F. A. McDonald, 
and G. Breit, Phys. Rev. 122, 1606 (1961). 

28 R. A. Bryan, C. R. Dismukes, and W. Ramsay (to be pub­
lished). We are grateful to these authors for making their com­
puter code available to us. 

(a) 5 3 0 MeV/c 

K+ + d 

SS5+ 
S-WAVES ONLY 
S-,P-WAVES 
S-,P-,D-WAVES 

Cutoff at 8 - 5° 

FIG. 11. The 530-MeV/c data (a) noncharge-exchange data, 
(b) charge-exchange angular distribution (Ref. 14). The smooth 
curves are fits as given in Tables IV and V. 

Ippt calculated using the BDR model was somewhat 
smaller than the deviation found using the exponential 
cutoff model. I t appears likely therefore that the effect 
of the nucleon-nucleon phase shifts on the form factors 
is somewhat smaller than that suggested by Figs. 8 

FIG. 12. The charge-exchange data (Ref. 14) at (a) 642 MeV/c 
and (b) 812 MeV/c. The smooth curves are fits as given in Tables 
IV and V. 
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TABLE IV. SP solutions to phase-shift analysis. Subscripts 1, 2, 3 correspond to 50o
1/2, 5oi1/2, 5oi3/2-

MeV/c 

350 
(1.12 F-1) 

530 
(1.60 F"1) 

642 
(1.88 F"1) 

812 
(2.26 F-1) 

5io1/2 

deg. 

- 2 0 . 0 

- 2 9 . 4 

- 3 6 . 2 

- 4 7 . 0 

5oo1/a 

deg. 

3.8±1.2 

6.3±4.1 

15.1±18.8 

18.0±14.4 

5oi1/a 

deg. 

2.5±14.9 
3.2±15.2 

-17 .2±3.3 
23.0±4.1 

-18 .8±7.3 
29.8±21.2 

-18.2db5.8 
39.4±16.3 

5oi3/a 

deg. 

3.1±7.6 
2.7±7.5 

12.3±2.8 
-6 .5±4 .9 

16.8±12.3 
-5 .0±2 .8 
24.0±9.2 

-2.1db8.6 

Correlation coefficients 
Cl2 C13 C23 

0.28 
-0 .27 

0.47 
-0 .74 

0.91 
-0 .98 
-0 .67 

0.94 

-0 .30 
0.25 

-0 .74 
0.01 

-0 .98 
-0 .75 
-0 .92 
-0 .94 

-0 .99 
-0 .99 
-0 .52 
-0.12 
-0 .90 

0.76 
0.69 
0.93 

X2 

25.6 

22.9 

4.4 

0.7 

No. of 
const. 

7 

7 

4 

4 

P(x2) 
<0.01 

<0.01 

0.43 

0.95 

and 9. The plane-wave form factors thus appear ade­
quate and are used in the determination of the 1=0 
K-N phase shifts. 

-10° 

\ 1 i r 

SPa,b 

S i / 2 

A0 = 0.04 ± 0.04 f 

J_ 
r 

SPa 

P . / 2 

P 3 / 2 

J 1 1 

0.5 1.0 1.5 
C - M MOMENTUM F'1 

FIG. 13. The 1 = 0 phase shifts of Table IV plotted versus 
momentum. The a and b solutions are the Fermi-Yang ambiguity. 
The low-energy behavior of the s wave, as specified by the 7 = 0 
scattering length AQy is also shown. The solid line refers to 
,40 =+0 .04 F, the dotted line to ^ 0 = +0.08 F. 

It is perhaps worth noting that recently Pauli etalP 
compared the T+ angular distributions from w+ scat­
tering on deuterium with the elementary ir+p and ir~p 
angular distribution. The experiment covered the same 
cm. energy region as the present one and excellent 
agreement of the 7r+-deuterium results with the w-
nucleon data was observed. 

IV. THE 7 = 0 PHASE SHIFTS 

Again, different methods of analysis were used at 
230 MeV/c and at the higher momenta. At the higher 
momenta, charge exchange and elastic plus inelastic 
scattering combined were fitted to Eqs. (7), (8), and 
(9). The data at each momentum were treated sepa­
rately (the difference between 377 and 350 MeV/c was 
disregarded) and, as indicated, plane waves were used 
in the form factors for the outgoing nucleons. The 
scattering in the 1=1 state was assumed to be purely 
s wave and the phase shift was taken from Ref. 1. The 
data were fitted using only an s-wave phase shift in 
1=0, then s and p waves and finally s, p, and d waves. 
Best fits are shown in Figs. 10-12 along with the data. 
The phase-shift results for sp and spd fits are also given 
in Tables IV and V, respectively. The 5 wave only 
solution had x2 probabilities < 1% at all momenta and 
can be ruled out. The pairs of solutions at each mo­
mentum correspond to the Fermi-Yang ambiguity; 
the Minami ambiguity is absent because the s-wave 
phase shift in 1=1 is fixed. The errors in Tables IV 
and V are given by Eu1/2 and the correlation coefficients 
Cu by Ey/iEM1**, where (£"%•= MdWMSy) 
and x2 n a s the usual meaning. The correlation co­
efficients constrain the phase shifts more than the 
diagonal errors would suggest. 

The momentum dependence of the phase shifts is 
illustrated in Figs. 13 and 14. The variation with 
momentum appears rational. The d-wave phase shifts 
do not scatter at random as might be expected if they 
were merely parameters used to improve the fit. Their 
consistency suggests either a real need for d waves or 
perhaps some persisting defect of the model. However, 

29 E. Pauli, A. Muller, R. Barloutaud, L. Cardin, J. Meyer, 
M. Beneventano, G. Gialanella, L. Paoluzi, and R. R. Finzi, 
Proceedings of the Siena Conference on Elementary Particles, 
1963 (to be published). 
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C. M. Momentum F"1 

FIG. 14. The 1=0 phase shifts of Table V plotted versus mo­
mentum. The a and b solutions are the Fermi-Yang ambiguity. 
The low-energy behavior of the s wave, as specified by the 1=0 
scattering length A0, is also shown. The solid line refers to 
^ 0 =4-0.04 F, the dotted line to ^ 0 = +0.08 F. 

as may be seen in Table V, even d waves do not secure 
a good fit at 377 MeV/c. 

Because of the wide momentum spread of the 
incident beam shown in Fig. 1, the analysis of the 230-
MeV/c data had to be carried out in a manner designed 
to circumvent the necessity to assign a k* value to each 
event. Fortunately, Figs. 13 and 14 suggest that, for 
momenta below 230 MeV/c (£*<0.75 F"1), the phase 
shifts of the higher partial waves are very small. For 
this momentum range the zero-range approximation 
should be valid such that 

sm8To1/2~k*AT. (19) 

cose 

CO 

FIG. 15. The form factors Inpt and Jnpt in the 
low-momentum region. 
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FIG. 16. The calculated and observed number of elastic scatters 
with recoil length larger than 5 mm and the calculated and 
observed number of all inelastic scatters and elastic scatters with 
recoil length smaller than 5 mm plotted versus 7 = 0 scattering 
length. The solid line was calculated assuming a stationary nucleon 
in the Coulomb scattering amplitude. 

As shown in Ref. 1, Ai= - 0 . 3 1 ± 0 . 0 1 F. The 230-
MeV/c data may then be used to estimate AQ. With 
approximation (19), Eqs. (8) and (9) become 

da^/dtt^llAi+a^+lAi+AoW^Inpt 

daEL/dtt* 

+ Re{(A1+ac)*(A1+A0)}Jnpt, (20) 

:(A1+ac)+(A1+Ao)/2\"}D. (21) 

In the low-momentum region, the form factor D, 
shown in Fig. 7, and Inpt and Jnpt, shown in Fig. 15, 
vary rapidly with incident momentum. However, it is 
possible to integrate (20) and (21) with limits set such 
as to yield the expected numbers of elastic and inelastic 
events given in Table I once the incident beam mo­
mentum spectrum is given. The results of the calcu­
lation are shown in Fig. 16 for /o=0.5 cm; A0 is taken 
as variable. Both ac = 0 and ac calculated for a target 
nucleon at rest are shown. The experimentally observed 
numbers are indicated. The Ao estimate obtained 
using only elastic events, and Ao obtained using the 
inelastic ones are in accord. The best estimate, taking 
into account all correlations, is 4̂ o=+0.04=1=0.04 F. 
The Ao estimate is insensitive to the choice of Zo; 
lo=1.2 cm leads to the same value of Ao. The 50o

1/2 

phase shift near zero momentum, based on this scat­
tering length, is shown in Figs. 13 and 14 and appears 
to be consistent with the 5oo1/2 phase-shift determination 
at 377 MeV/c. Using .4 0 =+0.04=1=0.04 F and taking 
into account the K+n—K°p mass difference, one pre­

dicts a charge-exchange cross section of 1.2=b0.4 mb, 
in good agreement with the directly measured value14 

of lXLo.s4-0-4 mb. 

V. CONCLUSIONS 

The conclusions of this investigation may be stated 
briefly as follows: 

(1) The phase shifts determined in this work using 
the plane-wave approximation for the outgoing nucleons 
are consistent with the phase shifts computed using the 
closure approximation.14 Apart from a difference in 
sign of 5oo1/2 which is not understood, the phase shifts 
also seem to be in accord with those calculated in Ref. 
18. 

(2) In contrast to the Ai scattering length of 
— 0.31±0.01 F, the Ao scattering length is much 
smaller, +0.04=1=0.04 F being the best estimate of this 
work. 

(3) At the present level of experimental precision, the 
final-state interaction between the nucleons may be 
neglected. 

(4) Several "fine points" neglected by the impulse 
approximation, such as the inequality of cos0*' and 
cos0*, the discrepancy between &0ut* and kin* and the 
D state of the deuteron constitute an error of 5 to 10% 
each. If the precision of the experiments is improved, 
it will be difficult to disregard these effects. I t thus 
seems preferable to continue the studies of the 7 = 0 
interaction using K2 beams colliding with protons. 
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APPENDIX 

For an incident nucleon state ^D described by the 
Hulthen wave function (15) and an outgoing nucleon 
state ^ P described plane waves, Eqs. (11) and (12) 
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may be integrated23 and yield 

F0(Q,P) = 4N* 
[a2+(P+e)2][«2+(P-02] 

2 

rj82+(P+02]D32+(P-02] 

1 

PQ{p-a2) 

Ga(Q,P) = 
4N2- (fPc?) 

2P£>[a2+/32+2(P2+()2)] 

X 
1 

•ln-
[a2+(P+02] 

(a2+P2+«22 [a2+(P-02] 

•In-
Q32+(P+g)2] 

/j2+P2+e2 G32+CP-02]) 
The integration of (14) using the Hulthen function 

gives 

Xln-
Ca2-KP+Q)2][^2+(P-02] 

"[a2+(P-e)2]C82+(P+02] 
H*(Q) = -

ap(a+0) 2 

(P-aY Q 

Q Q Q 
tan-1 h-tan-1 2 tan" ' 

2a 2/3 
^1-
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Bound States and Elementary Particles in the Limit Zz = Of 
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The limit Z3 = 0 is studied in the Zachariasen model using dispersion theory techniques. The connection 
between bound states and elementary particles is demonstrated in this limit and it is shown how Castillejo-
Dalitz-Dyson ambiguities are removed. 

I. INTRODUCTION 

THERE has recently been a great deal of interest 
in studying field theories in the limit of vanishing 

renormalization constants.1"3 Various authors have 
speculated that in this limit an "elementary particle" 
can be regarded as a bound state. Vaughn, Aaron, and 
Amado4 have discussed the equivalence of the Lee 
model and potential theory in this limit. Rockmore, 
and Dowker and Paton5 considered this problem 
in the context of the unsubtracted bootstrap model. 
A convenient model for studying this limit is that 
proposed by Zachariasen, in which the wave function 
renormalization can be determined explicitly and 
is finite. A special case of this theory in which there is 
no contact interaction has been studied by Acharya6 

and Dowker.7 Dowker8 has also discussed a more 
general case restricting himself to two dimensions and 
using perturbation theory. 

f Supported by the U. S. Atomic Energy Commission. 
1 A. Salam, Nuovo Cimento 25, 224 (1960); A. Salam, Phys. 

Rev. 130, 1287 (1963). 
2 S. Weinberg, Phys. Rev. 130, 776 (1963). 
3 R. Amado, Phys. Rev. 132, 485 (1963). 
4 M. T. Vaughn, R. Aaron, and R. D. Amado, Phys. Rev. 124, 

1258 (1961). 
5 R. M. Rockmore, Phys. Rev. 132, 878 (1963); J. S. Dowker 

and J. E. Paton, Nuovo Cimento 30, 450 (1963). 
6 R. Acharya, Nuovo Cimento 24, 870 (1962). 
7 J. S. Dowker, Nuovo Cimento 25, 1135 (1962). 
* J. S. Dowker, Nuovo Cimento 29, 551 (1963). 

Since the limit Z3=0 is a highly singular one, it is 
advantageous to have explicit solutions for the quan­
tities of interest and for this reason we shall confine 
our attention to the Zachariasen model.9 The com­
parative simplicity of this theory allows us to see 
clearly the nature of the difficulties. Our work differs 
from that of Refs. 6, 7, and 8 in that we consider a 
wider class of solutions and obtain all our results in 
terms of finite physical quantities using dispersion 
theory techniques. 

Our results may also be obtained from renormalized 
perturbation theory although we feel that results stated 
in terms of unrenormalized coupling constants, masses, 
etc., tend to be physically misleading. 

In Sec. II we present a new dispersion theoretic 
method for solving the Zachariasen model based on the 
properties of the vertex function, rather than the de­
nominator function. In Sec. II we exhibit and discuss 
several apparently different scattering solutions. We 
also consider the Z3=0 limit of these solutions, and 
show their equivalence to a bound-state theory. Finally, 
in an Appendix we discuss a solution which clearly 
indicates the singular nature of the Z3=0 limit. 

II. PROPERTIES OF THE VERTEX 
AND CALCULATION OF Z3 

The Zachariasen model deals with the interaction of 
a scalar boson B (with a distinct antiparticle B) and 

9 F . Zachariasen, Phys. Rev. 121, 1851 (1961). 


